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This paper returns to, and addresses, the question of identifying the nature of aerodynamic admittance
in relation to extended-span bridges in wind. Theoretical formulations for the sectional aerodynamic
forces acting upon the deck girder of a long-span bridge have conventionally been composed of the
sum of two kinds of terms: aeroelastic terms and buffeting terms. The former employ frequency-
dependent coefficients (“flutter derivatives”) associated with sinusoidal displacements of the structure,
while the latter have typically been expressed in quasi-static terms with fixed lift, drag and moment
coefficients. This inconsistency of formulation has required that at some point the buffeting terms,
functions of gust velocity, be adjusted to a more compatible form through the introduction of the
so-called aerodynamic admittance factors that are frequency-dependent. The present paper identifies
a form of these several section-force factors as functions of the flutter derivatives themselves.
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1. INTRODUCTION

AT THE PRESENT TIME EXTENSIVE theory exists for forecasting the aeroelastic response of
long-span bridges. Data in support of this theory are available in three categories:

(1) static and motional force coefficients measured on a wind-tunnel section model of the
deck girder; (ii) computed natural bridge modes and frequencies of the whole structure; and
(111) spectral and coherence descriptions of the cross-wind.

As has been repeatedly pointed out in the literature (Scanlan & Tomko 1971; Scanlan,
Béliveau & Budlong 1974; Scanlan, Jones & Singh 1997; Simiu & Scanlan 1996), transfer-
ring the application of theoretical thin-airfoil motional force coefficients to the bluff bodies
presented by bridge deck sections is basically incorrect from both mathematical and
physical viewpoints. Thin airfoil dynamic force theories depend on unique circulation
functions [such as those of Theodorsen (1935) and Sears (1941)] that cannot be realized for
bluff bodies that experience separated flow.

It is therefore taken here for granted that the common use of the Sears admittance
function in the context of bridge deck buffeting can, at best, be viewed only as a suggested
approximation. The Sears admittance function represents the dimensionless theoretical
frequency-dependent force spectral level of a thin airfoil, with wholly attached flow,
penetrating a vertically oscillating gust field. While the use of the Sears function by
Liepmann (1952) in the airfoil context is technically correct, that by Davenport (1962) in the
bridge context is not. The present paper first briefly reviews the main elements in the
description of the aerodynamic forces, emphasizing in particular the relation between
a form of aerodynamic admittance and the flutter derivatives. How these relations enter the
consequent aeroelastic analysis is then suggested.
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2. CONVENTIONAL SECTIONAL AERODYNAMIC THEORY

In the case of a bridge deck section with degrees of freedom h (vertical), p (lateral), and
o (twist) it has become conventional to separate the associated time-dependent sectional
force vectors into aeroelastic (ae) and buffeting (b) contributions. Thus,

vertical lift: L =L, + L, (1)
horizontal drag:. D = D,, + Dy, (2)
moment: M = M,, + M,, (3)

where, for sinusoidal motion, the aeroelastic terms involve, in commonly used form (Sarkar
et al. 1994), up to six frequency-dependent aeroelastic or flutter derivative terms H}, P},
A¥ (i=1, ..., 6) within each force component:

1 h Bu h p p
L, = 3 pUzB[KHTU + KH3 T + K?H%o + K?H¥ 3t KH;"U + K2H? B], (4)

1 p Bd. p i h
D, = 3 pU?B [KPTU + KP;“F + K*Pio + KZPj:E + KP* ot szz‘ﬁ ,

M,, = ;pUzBZ[KAT:; + KA% % 4+ K2 Ao+ K2 A % + KAY % + K2 A¥ ]’;} (6)
in which p is the air density, U the mean cross-wind velocity, B the deck width, K = Bw/U,
and o is the circular frequency of oscillation. This large array provides in advance for all
possible motional contributions. Experimental evaluation brings out which of the flutter
derivatives are important and which are not. Hence some formulations have been limited to
fewer terms.

The buffeting forces have been written conventionally (Scanlan & Jones 1990) in quasi-
static terms:

. 1 u , W
vertical: L, = 3 pU?B [2CL0 U + CL“U]’ (7
1
horizontal: D, = 3 pU’B [2CDOZ + Cboz:|, ®)
1
moment: M, = 3 pU?B? [2CMO; + CEWOZV]} )

where Cy, Cp, Cy represent force coefficients, Cy, Cp, Cy their slopes versus wind vertical
attack angle o, and u and w the along-wind and vertical gust velocity components,
respectively. In this formulation C, and Cp are in perpendicular and horizontal directions,
respectively. This conventional writing of the buffeting forces implies association of a unit
aerodynamic admittance factor with each force component. This simplified, useful, but often
incomplete formulation will be modified at a later point.

3. HEURISTIC REEXAMINATION OF SECTIONAL FORCES

The basic conceptual formula for sectional lift at any instant is

L= pU2() BCL ). (10)
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where U, and C; may be considered variable, U, representing the relative horizontal wind
velocity, lift L being understood as vertical.

If the structural section has displacement components & vertical and p horizontal, and the
gust velocity components are u and w, then one may write

U =U+u-—p, (11)

while C;, may be represented as a “base” value C, plus an increment due to a small angular
change w — h/U:
w—h
CL(t)=Cp, + CL, <> (12)
U

for C;, = dC, /da, where C, accounts for all lift contributions—such as mean, steady-state
or signature (internal structure-induced) effects—not due to the explicit horizontal and
vertical causes mentioned. Thus,

L=%pB[U+u—p]2[cLu+c;u(WT_h>], (13)

which, if products of small quantities relative to U are neglected, becomes

1 w—h u—7p
L= ZpU2B|:CL0 + C’LO<U> + 2CL0< U")]. (14)

This then represents a base value plus the variable lift contributions ascribable to the
specific horizontal and vertical effects mentioned.

It is important to emphasize the concept of gusting that is inherent in the above
formulation. Both the horizontal and vertical velocities u, w are assumed in this writing to
extend unchanged spatially over the full height or width, respectively, of the bridge deck
section in question. In other words, the assumption implicit in these expressions is that, over
the extent of the deck section geometry in either direction, vertical or horizontal, the gust
velocity is completely spatially coherent. This is a conservative assumption regarding
developed force values. It could, if desired, be modified through the introduction of
coherence postulates, which will not be done here.

In equations (4)—(6) the assumed motion of &, p and « is purely sinusoidal. If this is
represented in the form ¢'" then the particular freedoms h and p may be represented in
terms of h and p as h/iw, p/iw, respectively.

The time-varying terms of equation (14) may now be compared to the u, w, h and p terms
in equations (1), (4) and (7), according to which the terms associated with vertical and
horizontal contributions to lift are, together:

1 e . ' w
Lip =3 pUzB[K[H’f - 1HI]—;] + K[H — iH] % + 2@,% + C’L"U]. (15)

This suggests that in equation (14) the following equivalences are appropriate:
2C,, = — K[H% —iH¢], (16)
C., = — K[H} —iH}], (17)

These recognize the inherent phasing and frequency dependence required of C;, Cj..
By analogous reasoning applied to drag and moment expressions, the following equiva-
lences are also suggested:

2Cp, = — K[Pf —iP], (18)
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Cp, = — K[P5 —iPg], (19)
2Cy, = — K[A% —i4%], (20)
Cly, = — K[AT —i47], (1)
This conversion alters the buffeting force terms to the form
Ly : u . w
m= —K[Hg—le]E—K[HT—IHI]U’ (22)
Dy e U s W
WZ—K[PT—IP:]E—K[P?—IPﬂﬁa (23)
M, o U )
LU K[43 — IA?;]U — K[AT - lAjf]ﬁ (24)
From these, the autospectrum S;; of lift becomes
S . .
O, UBp = KUY + HE1Su + KPLHS — HEICHT + iHE1S,,

+ K?[HY + iHG][HY — iHi1S, + K*[HT + Hi] S\ (25)

where S, is the cross-spectrum of u and w.
Those for drag and moment are constituted similarly:

SDD

[ pUBT = K’[PY* + P3*]S., + K’[P5 — iP§][PT + iP{1S.

+ K2[PS +1PgI[PT — iP3]1Sw + K’[P5* + Pg*1Su,  (26)

S . .
[, upee = KO TAT + AT+ K2 [AT = 451 [AT + i43)5.,
2
+ K?[AS +i45][AT — 14318 + K’[AT? + 43°]1 S0, (27)
where S, is the cross spectrum of u and w.

If earlier formulations (22)-(24) are referred to, and the cross-spectra of u and w are
neglected, the results corresponding to expressions (25-27) above were

. S ,
lift: [ UBP p[LJLB]z =4C7 17 Sui + (CL* 17 Sww (28)
2
S ’
drag: [l plDJDBJZ = 4CLZ)0X12)Suu + (CD‘,)ZXIZ)’Swws (29)
2
S !’
moment: T UBT’ plI\JlZZ]Z = 4C3, 13 Sus + (Crr.)* 13 S (30)
2

where frequency-dependent correction factors y?, aerodynamic admittances, have been
incorporated to account for frequency dependence. This formulation is seen to be super-
seded by equations (25)-(27). In fact the notion of aerodynamic admittance is clarified by
this process; it suggests that a concept of aerodynamic admittance can be viewed as defined in
terms of flutter derivatives, which imply the following definitions:

ACtyi = K’[H3? + HE?], (1)
4Chyh = K*[PY* + P37, (32)
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Figure 1. Representative aerodynamic admittances: (1) unitary (for quasi-static gust forces); (2)
example corresponding to H¥ of Figure 2; (3) classic Sears function.

ACRn = K?[A5? + Ag], (33)
(CL*yir = K2[HT? + Hi?], (34)
(Co)’xp = K2[P3* + P71, (35)
(Cn)l’zae = KP[AT* + 4571, (36)

These formulas suggest relationships that have not to-date been widely demonstrated by
available data. Two brief illustrations may, however, be given. If HY is proportional to 27/K
(as is sometimes the case) and HJ is negligible (also reasonable), then the admittance ;- has
a constant unit value as in quasi-steady theory; (see curve 1, Figure 1). If, as a further
example, H is as illustrated in Figure 2 for a realistic case for which Cj, = 4-11 per radian,
with H¥ again negligible then y;. evolves as shown in curve 2, Figure 1, which evidences
a trend resembling somewhat that of the Sears function, curve 3 of Figure 1.

The point of the present discussion is to open up a promising vector of investigation.

4. TIME-DEPENDENT ANALYSIS OF SECTIONAL AERODYNAMIC
EFFORTS

The discussion in this section essentially reviews and arrives at the same results as the
analysis of the preceding section but from a transient-aerodynamic viewpoint. Lift as
a representative case will be examined first. )

Consider a deck section undergoing a vertical velocity h(t) and simultaneously the impact
of a vertical gust w(t) . The net effective vertical wind angle of attack 6 is then

w—h
0="F (37)
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Figure 2. Typical flutter derivative Hf for bridge deck.

and the corresponding transient lift is
L(s) = pU*BCLI(s), (38)

where s = Ut/B is dimensionless time, C;, = dC;/df and I(s) is the lift-growth integral:

I(s) = JS (s — 0)0'(0)do (39)

— 0

in which 0'(¢) = d0/do and ®(s) is an appropriate “indicial” function.

4.1. THE FLUTTER CASE, w =0

Information on ® may be obtained from the standard flutter case in which w =0,
conventionally written (4) as

1 h
L=3 pU?B[KHY —iKHX] i (40)

where H¥ is a flutter derivative and  is purely sinusoidal.
With the change of variable s — ¢ = 7, I(s) may be written as

I(s) = JOO d(1)0'(s — 1) dt = jw 0(s — 1) D'(r)dr (41)
0

0

in which @'(r) = d®/dt so that 0 = 0ye™**:

L(s) = L pU?BCL[®(0) + @' ] 0,e™ =L pU2B[KHY — iKHZ 0™, (42)
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where

is the Fourier transform of ®'(r) = d®/dz.
This yields the net relation

Ci[®(0) + @] = K[H¥ — iH%]. (44)

4.2. THE BUFFETING CASE, h=0

We now consider the alternate case in which 6 = w/U and h=0.
In this case

1 w(s) “w(s — 1)
L(s) = = pU*BC}| ®(0)—= P’ 4
(s) 5 pU CL|: (0) v T L U (1) df} (45)
of which the Fourier transform is
-1 2p o _1 2pW * s *
L=§pU BCL[(D(O)—i—CD]U:EpU BU [KHY —iKH.], (40)

Multiplying L by its complex conjugate, it can immediately be demonstrated that the auto-
PSD of lift is

Recalling the quasi-steady expression for buffeting lift,

L w
— =C,— 48
1pU’B U “8)
which leads to the lift spectrum
S s 49
(%pUB)Z _( L) ww XL’ ( )

as “corrected” by the admittance factor y7., it can be seen that the latter is defined [see
equation (25)] by

1t = K?[Hi + HZ]/(CL)?, (50)
where the relation of yZ to @' is
13 = [(0) + DT[DO) + D*]. (51)

Clearly, the analogous expressions for admittances y* in equations (31)-(36) are derivable
by similar methods. The analysis of this section, while confirming that of the preceding,
further links aerodynamic admittance directly to its associated indicial function source.
Connections of this character were underscored by Scanlan (1984, 1993).

5. SINGLE-MODE FLUTTER AND BUFFETING

Although multi-mode analyses are now routinely performed (Jain et al. 1996; Katsuchi et al.
1998a, b), attention will be confined here to some remarks on the general process, with focus
only on single-mode response.
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5.1. EQuATIiON OF MOTION

This, with arbitrarily limited choice of flutter derivatives, is
I; [fz + 20w + w7é] = Qi (52)

where I; is the whole-bridge generalized inertia of mode i, and,

1 KB .
Qi =3 pUZBZ/ {U [HTGh,vhi + P’lka,-p,v + AgGoc,ai] éi'

2
) ‘ dx
+ K“4%G,, ¢ + [(Lh; + Dp; + M) v (53)
deck
and

dx
G = Qiz(x)_ [g: = hi,p; or o], (54)

deck /

and where the buffeting terms ¥, &, .# will be described later. Note that this form
conservatively implies full coherence of flutter derivative action along the span. Alternative
choices are easily and routinely incorporated, as desired.

5.2. FLUTTER

With damping restricted to only the principal elements the single-degree flutter criterion
reduces to

4Ci1i pB4f 172
HTthh; + PTGp‘p, + AiGam = pB4/ |:1 + 2Il Angx;oc; . (55)
5.3. BUFFETING
Rewriting equations (52) and (53) yields the form
. . U2B?/ dx
&+ 290l + e = L o7 J [ZLhi+ Dp; + Mo;] A (56)
i deck

where damping {; and frequency w; have been replaced by y;, w;, their respective aerody-
namically influenced counterparts:

2 2_pB4/ 2

Wjo = W; 20 w* A% G, (57)
and
pB4/ * % *
2y, = 20;0; — A w[HTGy,, + PTG, + A3G,,.]. (58)
The Fourier transform of equation (56) is
— U?B?*/ _ _ _ _d
[wih — ©* + 2ipwew] & = P 37 f [Lh; + Dp; + Ma;] 7x (59)
i deck
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Multiplying equation (59) by its complex conjugate yields

_ U?B%*/ )? dx,d
[(0h — 0 + Qo) &8 = | E22° (x40 X5 0) —2 8 (60)
211' deck / /

where ( )* = complex conjugate of () and
(x4, X, ) = [L(x4, ©) hi(x 1) + D (x4, @) pi(Xa) + A (X 4, 0)00i(X 4)]
x [L*(xp, ) hi(xp) + F*(xp, ) ps(xXp) + M *(xp, ©)0:(xp)]. (61)

It is at this point that the newly introduced concept of admittance enters the analysis. The
lift (&), drag (2) and moment (.#) factors above depend on the horizontal and vertical (u, w)
components of gusting and are written in their new forms [see equations (22)—(24)]:

¥ = — K[H% — ng]% — K[H* — iH¥] % (62)
. u . w
9 = — K[Pf —iPf]— — K[P¥ —iP{]—, (63)
U U
. u . w
M=~ K[A% —iAg] ; — K[AT —id1] 7. (64)

The details of gust analysis proceed from this point. What has been stated above constitutes
an abbreviated overview of how the newly defined aerodynamic admittances enter the
buffeting problem. The details will not be pursued in the present paper.

6. SUMMARY AND CONCLUSION

The present paper first derives and emphasizes the natural analytical relationships between
corrective aerodynamic admittances associated with gust forces and certain well-known
flutter derivatives. The roles and implications of these relationships are then suggested by
brief remarks on the theoretical steps of flutter and buffeting analyses. Particularly, the
proper role of aerodynamic admittances as well-defined frequency-dependent functions
intrinsic to the analysis, rather than arbitrarily imposed external correction factors, is
emphasized. The paper opens new avenues of investigation in which the efficacy of the
proposed rationale for aerodynamic admittance can be more closely examined.
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APPENDIX: NOMENCLATURE

twist flutter derivative

deck width

sectional drag force

dimensionless drag factor, buffet

modal integral (q; = h;, p; or o)

vertical motion flutter derivative

sectional vertical displacement

deck horizontal component, mode i

generalized inertia of entire bridge

Bw/U

sectional lift force

dimensionless lift factor, buffet

bridge span

sectional moment

dimensionless moment factor, buffet

frequency in Hz

sway flutter derivative

sectional lateral displacement

deck sway component, mode i

generalized modal force, mode i

dimensionless time or distance, Ut/B

power spectral density of horizontal (u) gust component
power spectral density of vertical (w) gust component
cross-power spectral density of u, w gust components
time

cross wind velocity

horizontal gust velocity

vertical gust velocity

spanwise coordinate along deck

sectional rotation

oi(x) deck twist component, mode i

Vi aerodynamics-influenced total damping ratio, mode i
G mechanical damping ratio of mode i

SN
o

QYo

<
=

~ S
TR
= *x
Na¥

AETRER

-%

O S S
S

s s =
3 N

T Uhhnn=
<
£

R xS
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general wind angle of attack
generalized coordinate of mode i

gust cross-coherence integrand

air density

integration variable

indicial force-growth function

d®/ds

aerodynamic admittance factor
circular frequency of oscillation (flutter)
circular frequency of oscillation (buffet)
natural circular frequency of mode i
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